Abstract. We say a lattice Λ is rigid if it its isometry group acts irreducibly on its ambient Euclidean space. We say Λ is Mordell-Weil if there exists an abelian variety A over a number field K such that A(K)/A(K)tor, regarded as a lattice by means of its height pairing, contains at least one copy of Λ. We prove that every rigid lattice is Mordell-Weil. In particular, we show that the Leech lattice can be realized inside the Mordell-Weil group of an elliptic curve over a number field.
Introduction
In [El] N. Elkies constructed an elliptic curve over a function field whose MordellWeil group is the Leech lattice. This followed older work of T. Shioda [Sh] , who realized the E 8 -lattice in the same way. In this paper, we consider the problem of realizing particular lattices in the Mordell-Weil groups of abelian varieties, especially elliptic curves, over number fields. To state the main result, we first give two definitions: Theorem 1.4. If G is a finite group, V is a finite-dimensional Q-vector space and ρ : G → Aut(V ) is a faithful irreducible rational representation, then there exists a finite Galois extension of number field, L/K, an isomorphism Gal(L/K) → G, and a Gal(L/K)-stable subspace W of A(L) ⊗ Q such that by transport of structure, W is isomorphic to V as a Q[G]-module.
Galois modules
Our basic method of realizing a pair (G, V ) was inspired by [Im] . The idea is to look for a diagram X − −−− → A    
over a number field K. Here, the first row consists of a G-equivariant map from a curve to an abelian variety and the vertical arrows are quotient maps. Hilbert irreducibility gives a K-point in P 1 = X/G whose preimage in X consists of a single point Spec L, where G = Gal(L/K). This point generates a Q[G]-submodule of A(L); the only difficulty is to insure that this module contains V as a submodule. This can be achieved by the following proposition:
Proposition 2.1. Let A/K and B/K be abelian varieties and G a finite group of K-automorphisms of A. Suppose A contains an irreducible curve X which is stabilized by G and is not contained in the translate of any proper abelian subvariety of A. Let V denote any Q-irreducible subrepresentation of Hom K (A, B) ⊗ Q. If X/G is a rational curve over K, then there exists a Galois extension L/K with group G and a
Proof. Let v denote any non-zero vector in V and φ ∈ Hom K (A, B) a non-zero scalar multiple of v. Let P = X/G and π the quotient morphism X → P . For g = 1, X is not contained in the kernel of 1−g acting on A. Therefore, the morphism X → P is a regular branched covering with Galois group G. By an observation of J. Silverman [Si] , originally made in the setting of elliptic curves, but equally valid for abelian varieties, the set of torsion points on B which are defined over number fields of degree ≤ |G| over K is finite. Therefore, the set of p ∈ P (K) such that
By the Hilbert irreducibility theorem, there exists x ∈ X(K) such that π(x) ∈ P (K), the Gal(K/K)-orbit of x coincides with the G-orbit of x, and φ(x) is a point of infinite order on B.
Evaluation at
Given a finite group G, a vector g = (g 1 , . . . , g n ) ∈ G n satisfying g 1 g 2 · · · g n = 1, and a vector p = (p 1 , . . . , p n ) ∈ P 1 (Q) n whose coordinates are pairwise distinct, we define U g,p /C as the open curve such that U g,p (C) is the regular covering space of P 1 (C)\{p 1 , . . . , p n } with deck transformations in g 1 , . . . , g n and local monodromy g i at p i . We assume G = g 1 , . . . , g n , so G acts freely on U g,p . Let X g,p denote the non-singular compactification of U g,p . The action of G on U g,p extends to X g,p , and P 1 = X g,p /G. Moreover, X g,p can be defined over some number field.
For each point p i , there is an element x i of the fiber over p i whose stabilizer is g i ⊂ G. The points in the fiber over p i can then be identified with G/ g i . An element g ∈ G fixes one or more points in the fiber over p i if and only if it is conjugate to g k i for some k; in that case, the number of points in the fiber it stabilizes is [N G ( g ) : g ].
Proposition 2.2. If I H denote the quotient of the rational regular representation of a group H by the trivial representation. Then the representation of G on
Proof. It suffices to take traces of both sides for all elements of g ∈ G and compare the results. When g = 1, the quality of traces in (1) is just the Riemann-Hurwitz formula. For g = 1,the Lefschetz trace formula asserts
On the other hand, tr(g| Ind Note that an immediate consequence of this is that for any complex representation V C of G,
This a well-known result of L. Scott [Sc] , specialized to the case that G is finite. We are interested in the case V C = V ⊗ Q C, where V is a Q-vector space on which G acts. Here we have the following:
for some non-negative integer g.
, V ) inherits a rational Hodge structure of weight 1 from H 1 sing (X g,p (C), Q) and is therefore of even dimension; on the other hand, its dimension is given by the left hand side of (2).
We call g the genus of the triple (G, V, g). We can now prove a more precise version of Theorem 2.1.
) is triple consisting of a finite group, an irreducible rational representation space, and a generating n-tuple with product 1 such that (G, V, g) has genus g > 0. Then there exists a number field K, an abelian variety 
Choose K to be a number field such that X g,p is defined over K and has at least one K-rational point P . Let J denote the Jacobian of X g,p . By hypothesis,
The morphism X g,p → J given by Q → [Q] − [P ] is G-equivariant, and the quotient X g,p /G is isomorphic to P 1 . The theorem follows by applying Proposition 2.1 to the morphism J → J Λ .
We remark that the Hilbert irreducibility argument actually gives a little more: it shows that we may choose infinitely many linearly disjoint extensions L i over K, all with Galois group G and submodules
Lattices
Lemma 3.1. Let (G, V ) denote a pair consisting of a finite group and a Q-vector space on which it acts. Let , denote an inner product on V R = V ⊗R for which G acts by isometries. If
Proof. As V 1 and V 2 are rational representations, they are self-dual. Define L :
Lemma 3.2. Let G be a finite group and V R a real irreducible representation space of G, and W R a finite-dimensional V R -isotypic representation space of G. Assume that V R and W R are endowed with inner products such that G acts on each isometrically. Then there exists a unique inner product on Hom G (V R , W R ) such that the evaluation map
It is clear that (3) is an isomorphism and that the inner product, assuming it exists, must be unique. Fix a non-orthogonal vectors v 1 , v 2 ∈ V R and define
This defines a bilinear form on H R . When f 1 = f 2 , this form does not depend on the choice of v 1 and v 2 . Indeed, f 1 induces an isomorphism V → f 1 (V ) which is G-equivariant and therefore a scalar multiple of an isometry, and f 1 , f 1 H R gives the square of the multiplier. By the polalization trick, , H R does not depend on v 1 and v 2 , so we may take v 1 = v 2 and deduce that , H R is symmetric and positive-definite. Thus we have two G-invariant inner products on W R : , W R and the inner product obtained from , H R ⊗ , V R via (3). They give the same result whenever both arguments are pure tensors in H R ⊗V R . As they are bilinear, they coincide. Proposition 3.3. Let Λ be a rigid lattice, A an abelian variety over a number field K, and L a Galois extension with Galois group G = Aut(Λ). Then there exists a Galois extension L /K, containing L and an orthogonal decomposition
Proof. Let V = Λ ⊗ Q and W denote the V -isotypic part of A(L) ⊗ Q. As Λ is rigid, V ⊗ R is irreducible, so by Lemma 3, Hom(V ⊗ R, W ⊗ R) has a unique inner product such that f, 
denote the set of points P such that nP ∈ A(L)for all integers n such that nσ ∈ A(L). Let L denote the field generated by the coordinates of S σ as σ ranges over Σ. Let G = Gal(L /K). Thus G is an extension of G by an abelian group H, and we can regard V as a representation of G on which H acts trivially.
We can now prove the main theorem of the paper.
Proof of Theorem 1.3. Let Λ be a rigid lattice, G = Aut(Λ), and V = Λ ⊗ Q. Thus V is an irreducible Q-representation. By Theorem 1.4, there exists an abelian variety A and an extension L/K of number fields with Galois group G such that A(L) ⊗ Q contains a Q[G]-submodule isomorphic to V . The theorem now follows from Proposition 3.3.
Examples
Proposition 4.1. Let G be the Weyl group of an irreducible root system of rank r and V its reflection representation. Let and V = Λ 24 ⊗ Q, then there exists g ∈ G 3 such that (G, V, g) has genus 1.
Proof. Let A and B denote the "standard generators" of 2.Co 1 given in [AFGR] . Let x = (24D) 12 and y = (21C) 6 , where 24D and 21C are the generators of maximal cyclic subgroups given in Op. cit. Then x and y are of orders 2 and 7 respectively; they cover elements of type 2A and 7B respectively in Co 1 , and dim V x = 16 while dim V y = 6. Setting z = B 2 ABA, we compute that zxz −1 y has order 26. This implies that it acts on V without invariants. We claim that g = (zxz −1 , y, y −1 zx −1 z −1 ) is a triple of the desired kind. It suffices to prove that the coordinates of g generate G. However, the classification of maximal subgroups of G (given in [Atlas] and [AFGR] ) reveals that no proper subgroup of Co 1 contains both an element of type 7B and an element of order 13; therefore, no proper subgroup of G can contain both y and y
There is an extensive literature devoted to pairs of elements (g 1 , g 2 ) generating sporadic simple groups G. In particular, cases in which the orders of g 1 , g 2 , and g 1 g 2 are all low have been extensively studied, in any attempt to classify simple Hurwitz groups and, more generally, to compute the symmetric genera of sporadic groups. Any generating pair (g 1 , g 2 ) gives rise to a triple g = (g 1 , g 2 , g Where no reference is given, the assertions can easily be checked by machine, without special software, just using the generators provided by [Atlas] . Using [Atlas] notation (except that for the large Mathieu groups we write A, B, C, . . . , X instead of 0, 1, . . . , 22, ∞), we have generating pairs as follows: The rigid lattices, to which Theorem 1.3 applies, include most of the lattices of greatest individual interest: the root lattices, the Leech lattice, the Barnes-Wall lattices, the Coxeter-Todd lattice, and, of course, all the "globally irreducible" lattices of B. Gross [Gr] . In a number of interesting cases, we can even achieve lattices in dimension g = 1.
Proposition 4.3. If G is a semisimple Lie group which is simple modulo its center, then the weight lattice of G is an orthogonal component of E(K)/E(K) tor for some elliptic curve E over a number field K. In particular, all irreducible root lattices arise in this way. Likewise, the Leech lattice Λ 24 can be realized in this way.
Proof. The first claim is immediate from Proposition 4.1; the second, from Proposition 4.2.
Open Problems
The table given above suggests that for some of the larger sporadic groups g = 1 cannot be achieved by any g. This is almost certainly true, for example, for every representation of the Monster. More prosaically, it is demonstrably true for all representations of PSL 2 (F p ) for p 0 prime. Thus the methods of this paper cannot address the following questions in full generality:
Question 5.1. Given a pair (G, V Q ) does there always exist an elliptic curve E and a Galois extension of number fields L/K realizing V as a subrepresentation of E(L) ⊗ Q?
Question 5.2. Given a rigid lattice Λ, does there always exist an elliptic curve E and a number field L realizing Λ as Mordell-Weil?
Question 5.3. Can the above questions be answered affirmatively for every fixed elliptic curve over a number field F ?
/G has a rational point over K. One possibility is that our method of looking for such rational points by finding them on rational curves on (E ⊗ Λ * )/G, is insufficient. According to this idea, there are always many rational points on these quotients, but for some choices of G, there are no rational curves.
If rational curves exist, we can pull them back to E ⊗ Λ * to get Galois covers of rational curves X → P 1 , whose Jabobians map into a product of elliptic curves. One possibility here is that End(Jac(X)) has idempotents which do not come from the group ring of G. This really happens in some cases. For instance, if G = Z/2Z and p consists of 6 points, we obtain a hyperelliptic curve X of genus 2. Many genus 2 hyperelliptic curves admit non-trivial maps to elliptic curves, even though no such map is indicated by the G-action (and indeed none such exists generically). When the ramifying set is large compared to the genus of X, this may be a useful source of rational curves; it may be noted that in this paper we have not made any use of our freedom to choose p. On the other hand, when G is large, the genus of X grows rapidly with the number of ramifying points, so there is a price to be paid, probably too high a price for this to be the key to Question 5.1.
Finally, it is conceivable that for many groups G it is the case that for all Galois extensions L/K with Galois group G, E(L) = E(K).
It would be interesting to develop methods to guarantee M ∼ = Z in Theorem 1.3, so that a lattice equivalent to Λ itself could be realized as an orthogonal factor of A(L)/A(L) tor . To see what might be involved, it may be worth considering the case that G is Z/2Z and V is the non-trivial character. Taking n = 4, we obtain an elliptic curve X p,g = E mapping to P 1 . The rank of M can be interpreted as the rank of a quadratic twist of E, and the problem is therefore to show that every elliptic curve has a quadratic twist of rank 1. This is really a problem in arithmetic, and probably not amenable to the geometric methods of this paper.
